Boundary element method (BEM) is employed to compute the transmission of two-dimensional (2D) three-phase phononic crystals. The system is in a square lattice which has finite layers along the x-direction and is infinite along y-direction. The cross sections of the inclusions are circular. In a periodic unit cell, boundary integral equations of the matrix, the coating and the inclusion are given. A linear equation set is formed by substituting the periodic boundary conditions and the interface conditions, from which the transmission response can be obtained. Then the band gaps of the phononic system can be found. The obtained results are basically consistent with the band structures from the corresponding infinite systems. It is shown that the present method can accurately compute the transmission.
INTRODUCTION
The phononic crystal is an artificial crystal comprised by scatterers periodically embedded in a homogeneous matrix [1] [2] [3] , which have different elastic constants and mass densities. The research emphasis was the existence of complete or directional elastic band gaps, over which there are no elastic waves propagating through the lattice. The complete or directional band gaps could provide a vibrationless environment for high precision mechanical systems in given frequency ranges [4, 5] . If the periodicity of the systems is broken, it is possible to create localized defect or guided modes, which are analogous to localized modes in a photonic crystal and to localized impurity states in a semiconductor. This makes the phononic crystals have potential applications for the design of elastic or acoustic wave guides [6, 7] . Additionally, systems composed of very soft rubber [8] [9] [10] are likely to obtain the low-frequency gaps for a structure of a small dimension, which can lead to promising application as a low-frequency noise/vibration insulator.
Several methods have been used to study the band structures of elastic waves in phononic crystals, which include plane-wave expansion (PWE) method [2] , the multiple-scattering theory (MST) method [4] , the finite difference time domain (FDTD) method [11] , the finite element method [12] , and the wavelet method (VM) [13] . Among all these methods, the PWE method has the convergence problem when it deals with the systems of very high and very low filling ratios, especially for the systems with mixing solid and fluid components. The MST requires a large number of terms in the multipole expansion, and it can only treat the systems with spherical or cylindrical scatterers. The FDTD and FEM have great advantages in the convergence speed for the band structure calculation of phononic crystals. But they require large discretization and consume much time. The WM method need adopt suitable basis functions. The recently developed Dirichlet-to-Neumann map (DtN-map) method [14] is based on the cylindrical wave expansion. It yields a linear eigenvalue problem, with the Bloch wave vector as an eigenvalue, which has small matrices and good convergence. However this method can only treat the scatterers with circular cross-sections.
The boundary element method (BEM) show more advantages than the above methods. For example, it can handle the phononic crystals with large elastic mismatches, and it can treat the solid-fluid systems. It only requires the boundary discretization and offers some computational advantages over the domain discretization methods. BEM can handle almost arbitrarily shaped scatterers with a smaller number of unknowns, and is appropriate for wave scattering analysis in the infinite domains. The BEM method has studied the band structures of the two-dimensional phononic crystals [15] . In this paper we will extend BEM to compute the transmission response of three-phase phononic crystals, and discuss the accuracy of the method.
BASIC RULES
The phononic crystal in a square array with the lattice constant a is seen in Fig.1 . Both scatterers including the coating and matrix are homogeneous, isotropic and linear elastic solids. The cross-sections of the scatterers are circular. We suppose that the propagation of the elastic waves is limited to the transverse plane (x-y plane) normal to the cylinder axis (z-axis).Then two independent modes of vibration exist, namely, one is the mixed-polarization mode with the displacement perpendicular to the cylinders, and the corresponding vibrations are neither purely longitudinal nor transverse, the other mode is that the vibration is parallel to the cylinders is purely transverse. The governing equations describing these time-harmonic wave motions can be expressed as
where , = , x y   ;  is the angular frequency;
;  ,  and  are the Lamé constants and mass density of the solid, respectively; z u is the displacement component along the z-direction. The equations (1) and (2) describe the anti-plane transverse wave mode (the scalar wave mode) and the in-plane mixed wave modes (the vector wave modes), respectively. In addition, the periodicity of the structures implies that any field quantity u should obey the following Bloch theorem ( , ) ( , ) 
where  is the boundary; 0.5 c  for a smooth boundary; and Q x and P x are the field and source points, respectively. In Eq. (6) the fundamental solution is given by [16] In this paper, we adopt the constant elements to discretize the boundary integral equations. Suppose that all the boundaries are discretized into N elements, then the quantities on each boundary element being constant and equal to the values of the middle nodes. So the boundary integral equations (6) and (8) can be expressed in a matrix form as ,   HU GT 0 (8) where the detailed matrices H and G are given in Ref. [16] .
NUMERICAL RESULTS
To check the accuracy of the boundary element method, we consider a square lattice which is formed by Wu circular cylinders coated with epoxy embedded in the Al matrix. The system has 5 layers along the x-direction. The lattice constant is 20mm a  , the radius of the scatterer is 6mm r  , the thickness of the coating is 3mm   . The material parameters are: 
SUMMARY
The boundary element method can calculate the transmission of anti-plane wave in 2D solid/solid three-phase phononic crystals which have finite layers efficiently and accurately. From the relationship between the transmission and the frequencies, the band gaps can be obviously found. Compared with the corresponding infinite systems, the transmissions are basically in good agreement with the band structures. Here, the scatterers with circular cross-sections are considered. Actually, the present method can treat arbitrary shapes of the scatterers, which will be studied in the proceeding work. 
